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Introduction

R ECENTLY microelectromechanical systems (MEMS)
have become the focus of a great deal of attention in

several research disciplines. These devices are manufactured
using processes similar to those used in microprocessor fab-
rication and promise the opportunity to sense and control phys-
ical processes at length scales on the order of a micron.1 Po-
tential applications for such devices cover a broad spectrum,
including adaptive optics, surgical instruments, and laminar
� ow control. Many of these proposed designs involve � uid
� ow through microchannels, such as the use of microchannels
to dissipate heat in integrated circuits.

Because of the very small length scales associated with
MEMS devices, the � uid mean free path can be on the order
of the characteristic channel dimensions. This fact indicates
that treating the microchannel � ow as a continuum phenome-
non may lead to inaccurate results. Thus, these � ows appear
to be well-suited to the application of Bird’s direct simulation
Monte Carlo (DSMC) method.2 However, microchannel sim-
ulations present a set of challenges not encountered in previous
DSMC applications. First of all, the � ow velocities in these
systems are generally much less than the speed of sound. Con-
sequently, the stream and vacuum boundary conditions typi-
cally employed in DSMC calculations are not physically ap-
propriate. Instead, one must use in� ow and out� ow conditions
that impose the correct propagation of information across the
boundaries. This fact is now quite well established, and alter-
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native DSMC boundary conditions for low-speed � ows have
been described in a number of sources.3,4

Secondly, microchannels are characterized by very large as-
pect ratios (ratio of channel length to channel height). One of
the fundamental assumptions in the DSMC method is that the
cell size in the gradient direction must be less than a � uid
mean free path if the solution is to be considered valid. Proper
resolution of both streamwise and transverse � ow directions
will lead to a large number of cells, implying that a single time
step will be quite expensive to compute.

The preceding problem is aggravated by the need to com-
pute a very large number of time steps before steady � ow is
attained. Generally, the length of the transient portion of a
simulation is estimated by considering the amount of time nec-
essary for a particle traveling at the mean � ow velocity to
traverse the computational domain. Because the domain size,
i.e., channel length, is relatively large and the � ow velocity is
relatively small, the � ow residence time will be considerably
larger than in re-entry simulations. Moreover, operating con-
ditions for such channels are typically near standard temper-
ature and pressure, leading to a high collision frequency. A
high collision frequency corresponds to a low mean collision
time. Because DSMC also requires that the simulation time
step be less than the mean collision time, the total number of
time steps associated with the transient phase will be very
large.

Finally, microchannel simulations require much larger run
times than traditional problems, even after steady � ow has
been established. It has been pointed out that many micro-
channel � ows involve mean � ow velocities on the order of 0.1
m/s.3 Thus, at ambient temperatures around 300 K, the ratio
of the mean � ow velocity to the average thermal speed can be
on the order of 0.01% or even less. This extremely low signal-
to-noise ratio has serious implications for DSMC because the
method is probabilistic in nature. It is estimated that Monte
Carlo simulation of realistic microchannels will require over
100 million steady-state samples to eliminate scatter from the
results.

The main objective of this Note is to discuss the role of
boundary conditions in MEMS simulations. Many of the other
issues mentioned earlier were examined in Ref. 5. This inves-
tigation utilizes a parallel version of Bird’s DSMC3 demon-
stration code.2 Although the original algorithm was developed
for three-dimensional simulations, only two-dimensional cases
are considered here. A uniform Cartesian grid is used to min-
imize the time associated with particle movement, and paral-
lelization is achieved through use of the CHAOS runtime li-
brary developed at the University of Maryland.6 This library
provides the programmer with simple procedure calls for data
migration, domain decomposition, and dynamic load balance.
CHAOS has already been shown to yield excellent parallel
performance when coupled with the DSMC3 algorithm.7

To perform accurate microchannel solutions, new in� ow and
out� ow boundary conditions were developed and incorporated
into the basic algorithm. At the in� ow boundary, we elect to
specify the pressure, temperature, and transverse velocity (as-
sumed to be zero for the present application). The streamwise
velocity is determined for each boundary cell through consid-
eration of the � uxes across the cell’s boundary face and en-
forcing conservation of particles.



448 J. THERMOPHYSICS, VOL. 12, NO. 3: TECHNICAL NOTES

Fig. 1 Microchannel geometry considered in this work (dimen-
sions in mm, not to scale).

For a given mean speed and temperature, the particle � ux nÇ
across a boundary in a particular direction can be determined
as follows, assuming a Maxwellian distribution2:

2nC [exp(2q ) 1 pq(1 1 erf q)]Ïmp
nÇ = , q = s cos u (1)

2 pÏ

where s is the speed ratio V /Cmp, V is the mean speed, Cmp is
the most probable speed, and u is the angle between the ve-
locity vector and normal to the boundary element. Considering
the boundary face of in� ow cell m, we can apply Eq. (1) to
determine the � ux crossing the face in either direction. Then,
if particles are conserved

(nÇ 2 nÇ ) = n (u ) A (2)1 2 m i i m

where the subscripts 1 and 2 refer to particle � uxes in the
positive and negative x directions, respectively, n is the number
density and A is the area of the boundary face. Note that the
in� ow velocity depends on the incoming number � ux, which
in turn depends on the in� ow velocity. Hence, Eq. (2) is ac-
tually a nonlinear function of the in� ow velocity (ui)m. Instead
of solving for (ui)m numerically, though, we use the last com-
puted value to evaluate the positive number � ux. As a result,
we can easily rearrange Eq. (2) to determine the new in� ow
velocity:

(nÇ 2 nÇ )1 2 m(u ) = (3)i m
n Ai

The value of (ui)m will vary during the simulation. However,
the velocity should eventually attain a nearly constant value in
each in� ow cell. The known in� ow properties are then used
to determine the entering particle distributions.

This in� ow condition is quite similar to the subsonic bound-
ary conditions proposed by Ikegawa and Kobayashi.4 One im-
portant difference is that Ikegawa and Kobayashi use the par-
ticle-conservation concept to come up with a constant in� ow
velocity, whereas in this work particle conservation is applied
on a per-cell basis. Additionally, the particle � uxes in this im-
plementation are computed from the Maxwellian distribution.
In contrast, Ikegawa and Kobayashi determine the particle
� uxes by actually counting the number of particles crossing
the computational boundary.

For the out� ow, we appeal to the theory of characteristics,
which is frequently used in continuum calculations to derive
boundary conditions for subsonic � ows. The use of the theory
implicitly assumes the � ow to be locally inviscid, adiabatic,
and close to a perfect gas. Note that we can apply the theory
of characteristics even though the � ow is rare� ed, because the
conservation equations themselves still hold. In this case, we
have employed Whit� eld’s characteristic formulation,8 because
it allows the speci� cation of a constant exit pressure p. The
resultant equations (for a Cartesian grid) are

p 2 pe m(r ) = r 1 (4)e m m 2am

p 2 pm e(u ) = u 1 (5)e m m
r am m

(n ) = n (6)e m m

In the preceding relations, the subscript e signi� es exit quan-
tities; r is the density, n is the transverse velocity, and a is the
local acoustic speed. Because the exit pressure is known, the

new value of the exit temperature can then be determined using
the perfect-gas law:

(T ) = p /[(r ) R] (7)e m e e m

As with the in� ow conditions, the out� ow properties are
expected to vary during the simulation before settling out to
steady values.

Results and Discussion
The algorithm described above was applied to the micro-

channel geometry and � ow conditions shown in Fig. 1. The
given dimensions correspond to a channel aspect ratio of 60,
and O2 was speci� ed as the working gas. Additionally, the
Knudsen number based on channel height ranges from about
0.02 at the channel inlet to about 0.05 at the channel exit. This
range of Knudsen numbers suggests that the channel operates
in the slip-� ow regime.

One of the requirements for a successful DSMC application
is that the cell size in the gradient direction be less than a
mean free path, as stated earlier. However, this requirement
does not give us any insight into how well-resolved the grid
must be normal to the primary gradient direction. In channel
� ow, there are gradients in both the streamwise and transverse
directions, but the gradients in the latter tend to be much
greater. If high resolution is required in both directions for an
accurate solution, simulation of very high-aspect-ratio micro-
channels will be virtually impossible. Thus, one important con-
sideration is the degree of underresolution that can be tolerated
in the streamwise direction.

To make such a determination, the test channel was � rst
simulated using a fully resolved grid (cell size in each direction
less than a mean free path). This solution required 2400 cells
in the streamwise direction and 40 cells normal to the channel
wall, and yielded a total of approximately 2.1 million simu-
lated particles at steady state. Once this solution was complete,
the grid in the x direction was coarsened by successively dou-
bling the cell length. This procedure was repeated several
times, and the results were compared to those for the baseline,
fully resolved solution.

Figure 2 shows some representative results from this pro-
cedure. Pressure variation along the channel centerline is com-
pared for three different levels of re� nement in the streamwise
direction. Note that there is a factor-of-32 difference between
the resolution on the � nest grid and on the coarsest. It is seen
from Fig. 2 that the pressure distribution agrees very well on
all three grids.

To illustrate the signi� cance of correct boundary conditions
on the solution, the coarsest-grid case was rerun using standard
DSMC stream conditions for the in� ow and out� ow planes.
To apply these conditions it is necessary to specify an in� ow
velocity. Based on the results shown earlier, a value of 20 m/s
was selected. Figure 3 compares computed pressure distribu-
tions along the duct centerline for the subsonic boundary con-
ditions and the conventional boundary conditions. It is obvious
from this graph that use of the physically incorrect conditions
results in an erroneous solution.

Figure 3 also shows results for this case computed using the
subsonic boundary conditions proposed by Piekos and Breuer.3
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Fig. 2 In� uence of grid resolution on centerline pressure distri-
bution.

Fig. 3 Comparison of pressure distribution for new boundary
conditions and standard DSMC boundary conditions.

This plot shows that results are virtually identical to those ob-
tained with the boundary conditions proposed here. The agree-
ment for other � ow properties was found to be equally good.

In conclusion, we have proposed new DSMC boundary con-
ditions suitable for use in low-speed MEMS applications.
These conditions respect the proper directions of signal prop-
agation for subsonic � ows, and allow speci� cation of inlet and
exit pressures. Low-speed microchannel computations using
these new conditions yield much better results than when tra-
ditional DSMC boundary conditions are used. However, the
solutions are essentially the same as those obtained with the
boundary conditions proposed by Piekos and Breuer.
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Introduction

C OUPLED heat and mass transfer as a result of buoyancy
in saturated porous media is frequently encountered in

engineering applications. From a fundamental perspective,
Nield1 made the � rst attempt to study the stability of convec-
tive � ow in horizontal layers with imposed vertical tempera-
ture and concentration gradients. This was followed by Khan
and Zebib2 in the study of � ow stability in a vertical porous
layer. Bejan and coworkers3,4 conducted a series of investiga-
tions of these effects on natural convection in enclosures � lled
with porous medium. Other geometries considered in the pre-
vious studies include line sources,5 vertical surfaces,6 horizon-
tal surfaces,7,8 vertical cylinders,9 and slender bodies of revo-
lution.10 Among these previous studies, it is noticed that
similarity solutions for coupled heat and mass transfer by nat-
ural convection from horizontal surfaces have been reported
for a special case of constant wall temperature and concentra-
tion.7,8 It is speculated that these solutions might not be phys-
ically plausible because they did not satisfy the conditions im-
posed on the velocity, boundary-layer thickness, local heat
� ux, and total heat convected as suggested by Gebhart et al.11

Thus, the purpose of the present study is to reinvestigate this
fundamental problem to determine the limits within which a
physically realistic similarity solution exists. Emphases have
also been placed on a fundamental examination of these dou-
ble-diffusion effects on the � ow, temperature, and concentra-
tion � elds. It is expected that the obtained results will not only
complement the current literature but also provide useful in-
formation for engineering applications.
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